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COMPLETE CLOSED FORM SOLUTION OF A TUMBLING
TRIAXIAL SATELLITE UNDER GRAVITY-GRADIENT TORQUE

Martin Lara” and Sebastian Ferrer'

The attitude dynamics of a tumbling triaxial satellite under gravity-gradient is
revisited. The total reduction of the Euler-Poinsot Hamiltonian provides a suit-
able set of canonical variables that expedites the perturbation approach. Two
canonical transformations reduce the perturbed problem to its secular terms.
The secular Hamiltonian and the transformation equations of the averaging are
computed in closed form of the triaxiality coefficient, thus being valid for any
triaxial body. The solution depends on Jacobi elliptic functions and integrals,
and applies to non-resonant rotations under the assumption that the tumbling
rate is much higher than the orbital or precessional motion.

INTRODUCTION

The rotation of an artificial satellite about its center of mass is described approximately
by its torque-free motion. However, because the variety of torques that may act on a satel-
lite,! the accuracy of this approximation deteriorates with time, and in spite of the external
torques are generally weak, they may induce notable changes in the long-term dynamics.
The accurate propagation of the satellite’s attitude is commonly approached numerically,
although the greater insight on the dynamics provided by approximate analytical solutions
has motivated analytical efforts since the early launches of artificial satellites.”™

The analytical approach relies commonly on perturbation strategies in which the zero
order is given by the free rigid body motion and other effects are taken as perturbations.
Among the variety of perturbations of the torque-free rotation the gravity-gradient is usu-
ally the more relevant effect, and the analytical description of the perturbed rotation of an
artificial satellite under gravity-gradient torque has attracted a lot of attention in the litera-
ture.>® Perturbation schemes are not limited to the approximate analytical integration and
have also been successful in the generation of numerical algorithms.’

The selection of the variables to represent the motion is crucial to the perturbation ap-
proach. We base on a new set of variables that provide complete reduction of the Euler-
Poinsot Hamiltonian to a quadratic form,® thus making trivial the verification of KAM
conditions that guarantee their suitability for applying perturbation methods.
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The fact that the closed form integration of the Euler-Poinsot problem requires the un-
avoidable use of elliptic integrals complicates the formulation of the perturbation approach.
In some cases, however, the triaxiality coefficient is small and the use of elliptic functions is
avoided by the simple expedient of splitting the free rigid body Hamiltonian into an axisym-
metric part and a triaxiality “perturbation”. The first is taken as the zero order Hamiltonian
while the latter is added to the disturbing function, thus the perturbation algorithm can
progress smoothly in the realm of trigonometric functions.”!® On the contrary, a different
approach must be taken when the triaxiality is not small; in that case, it is customary to
expand the disturbing function as a Fourier series of Jacobi theta functions.!! Nevertheless,
in some cases this expansion can be avoided and a closed form solution can be achieved at
least up to the first order. This is the case of the tumbling satellite which we revisit.>*

In the tumbling satellite approximation, the triaxial body is assumed to be in fast rotation
when compared with the orbital rate, and its center of mass is taken in a Keplerian orbit
about a spherical perturbing body. Besides, we assume that the dimensions of the satellite
are small when compared with its distance to the origin, and hence the disturbing potential
is formulated in the MacCullagh approximation. Under these simplifications the secular
motion has been derived previously in closed form of the triaxiality coefficient.>* But
we can go further and compute, also in closed form, the equations that allow to recover
the short periodic terms. All the expressions adopt a compact form in which we need to
evaluate both the complete and incomplete forms of the elliptic integrals of the first and
the second kind, in addition to the Jacobi elliptic functions. Sample test cases illustrate the
performances of the complete closed form solution.

PERTURBATION MODEL AND SIMPLIFICATIONS

Although the attitude of a rigid-body is naturally expressed in Euler angles, the attitude
dynamics of artificial satellite may be studied in different representations.'?> Within Hamil-
tonian formulation, the use of Andoyer variables'® takes advantage of all the symmetries
of the torque-free motion, which can be derived from a Hamiltonian that only depends on
an angle, thus revealing its integrable character.'*

Andoyer variables (A, u, v, A, M, N) link the body and inertial frames by means of two
sets of Euler-type angles, which relate both frames through an intermediate frame attached
to the plane orthogonal to the direction of the angular momentum vector M. The position
of this plane with respect to the inertial frame is specified by its argument of the node A
and inclination I, which defines A = M cos I, where M = || M||. The position of the
equatorial plane of the rigid body with respect to the plane perpendicular to the angular
momentum is determined by its argument of the node y and inclination J, which defines
N = M cos J. Finally, the x-axis of the body frame is located on the equatorial plane of
the body by means of the angle v.

The Hamiltonian of the torque-free motion in Andoyer variables is'*

2 sin2y+cos2l/ M2—N2+£2_%2 1+ Sin2V+COS2V—1 in?.J
o=\ B 2 20 2C A/C  B/C i ’
(D
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where A < B < (' denote the principal moment of inertia, and the body frame is chosen
as defined by the principal axes of inertia. We note that A\, A and p are cyclic and therefore
A= X, A = Ag, and M = M, are constant. Then the Hamiltonian of the Euler-Poinsot
problem is of one degree of freedom, and the integration of the Hamilton equations for p,
v, and N can be solved by quadrature, accepting a closed form solution in elliptic integrals.

In the case of zero inclination of the angular momentum plane with respect to either the
inertial plane or the equatorial plane of the body, Andoyer variables are singular. These
singularities are virtual and may be avoided using a different set of variables. '

Gravity-gradient torque

To formulate the gravity-gradient torque we make several preliminary assumptions. First,
we assume that the dimensions of the rigid body are small when compared with the distance
to the perturbing body, which allow us to truncate the disturbing potential to the MacCul-
lagh’s term.'® Besides, we assume that the non-sphericity of the rigid body does not affect
its orbital motion about the distant body, which is therefore Keplerian. Finally, we limit to
the case of circular orbital motion with constant .

Under the previous assumptions we may neglect the Keplerian part of MacCullagh’s
potential and limit our study to the disturbing potential

szg—m(A+B+C—3D), 2)

2r3

where G is the gravitational constant, m is the mass of the disturbing body, r is the distance
between the centers of mass of both bodies, and

D=Ay+By+CH2 (3)

is the moment of inertia of the rigid body with respect to an axis in the direction of the line
joining its center of mass with the perturber, of direction cosines 71, 2, and 3.

Replacing Eq. (3) in Eq. (2), and taking the constraint 77 + 3 + 2 = 1 into account, we

v=ot (ire) [-8) -3~ (2- ) 0-2)] @

where n is the constant orbital mean motion.

If we choose the orbital plane as the inertial reference frame, then the orbital reference
frame is related to the body frame by the composition of the rotations

2! 1
Yo | = Ra(v) Ri(J) Ra(p) Ba(1) Rs(¢) | 0 6))
V3 0

where ¢ = A\ — 6, and 0 is the usual polar coordinate of the orbital motion, which for the
assumption of circular motion is 8 = 6y + n t.
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Now, we replace ~; and 3 as given by Eq. (5) in the disturbing potential Eq. (4) to get:

(i) 22

that separates the “axisymmetric part” of the potential, which is independent of v,
Vi = (4—065%) (2 —3s?+3s2Capy)
—12s5¢581 [(1 —¢r) Ca10+ 2¢1 Cor0 — (1 +¢r) Ca o] @)
+355 [(1 = ¢1)* C_a20 + 257 Co 20 + (1 + ¢1)? Ca 2]
from the “tri-axiality part”
Vo = 65753 (Ca,—2 + Caga) —4(1 — 3c3)s% Copa
+(1+c))?[(1 —¢1)?Cgas+ 252 Cooa+ (1 +¢1)? Cano
+(1=ey)?[(1 —¢c1)*C g9 9+ 253Coa 2+ (1 +¢1)* Can o] (8)
+dsrsy(1+cy)[(L—er)Cogia+2¢1Coro— (1 +¢r) Co o]
—4dsrsy (1 —cy)[(1—¢r) Cogq—2+2¢1 Cop—2 — (L4 ¢1) Co,—2] ,

which carries the v contribution to the perturbation. We abbreviate notation by writing
Cijx =cos(i¢ + ju+ kv), and ¢; = cosI, s; =sinl, ¢; = cosJ and s; = sin J, which
in Andoyer variables are function only of momenta.

Further simplifications

We further assume that the rate of variation of y is much faster than the other frequencies
of the motion, the rate of variation of v and the mean orbital motion n. Then, we simplify
the disturbing function by neglecting short periodic terms related to p, to obtain

W), = —2(1-3c%) (2 — 357 + 357 cos 2¢)
Vo) = 4(1-¢%) (2 — 357 + 357 cos 2¢) cos 2v.

In our simplifications, the gravity-gradient torque exerted on a tumbling satellite is approx-
imated by

V=15 (377) 15 (-3~ &) 0w+ 3 (3 5) 0

and we call the tumbling satellite problem to the system defined by the Hamiltonian H =
Ho + (V). that is

C))

M? sin?v  cos?v

e N T ) 2 }LQ 9.2 2
H = 2C{<A/C+B/C>5J+CJ+8 MJC (2 — 3s7 4 357 cos 2¢)

X Kz—g—é) (1—-3c%) — (g—é) (3—3c“f‘,)cos2u” (10)

where n?/(M/C)? is a small quantity and, therefore, the tumbling satellite problem can be
approached by perturbation methods.
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THE DISTURBING FUNCTION IN SOLUTION VARIABLES

The integration of the perturbed problem Eq. (10) is expedited when using suitable vari-
ables such that they reduce the zero-order Hamiltonian, Eq. (1), to a function of only mo-
menta.

Zero order: complete reduction

There are a variety of possibilities in the literature based on the complete reduction of
the torque free Hamiltonian in Andoyer variables.*!7-18 Remarkably, it has been recently
pointed out that all of them pertain to the same family of canonical transformations 7" :
A p,v, A, M, N) — (¢, g,h, L,G, H).® Namely, h = A\, H = A, and

1L+ f) om
2(f+m)¥2 9B

_ 1+7 1 S Bom
g=pt f (f+m) {f—&-m(m f+m2 08

N:Gdfj_rm\/l—msinz , (13)

M=aq (14)

t= F(y[m) 1D

o™

)F(zblm) ST fiofm)| (12)

where 5 = L/G, F(y|m) is the incomplete elliptic integral of the first kind of parameter
m and amplitude 1, II(—f;|m) is the incomplete elliptic integral of the third kind of
parameter m, amplitude ¢ and characteristic — f. The value of f > 0 is given by

_c(B-4)
/= (C—B)A’ (15
and the elliptic parameter 0 < m < 1 by
_(@-4A)(B-4)
"= -B)(A_A) (16)

with C' > A = M?/(2H,) > B, which limits the zero-order model to energies in the range
M?/(2C) < Ho < M?/(2B).* The amplitude v is unambiguously defined by

V1+f f sin v ) cos v
cos = Siny = ——. 17
1+ fsin? ” \/m
The preceding transformation reduces Eq. (1) to the standard form
G? C—-—A f
Ko=—11- 18
07 24 ( - C [+ m) (18)

*Because f > 0, the characteristic of the elliptic integral of the third kind is negative, and hence
II(—f;9|m) is a circular case that can be evaluated using Heuman’s Lambda function.'® This was the
choice of Hitzl and Breakwell,* as well as Kinoshita.’
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where m = m(L,G) must be defined for each particular transformation of the general
family defined by Eqgs. (11)—(14).

Classical selections of the elliptic parameter are
L a-m
B+ fI2+])

by Hitzl and Breakwell* or, after them, Kinoshita.”’" In the case of action-angle vari-
ables,'”-?° m must remain as an implicit function of 5 = L/G. Alternatively, it has been
recently claimed that the selection

1+ f
o
provides similar features to the case of action-angles but with a higher simplification of the

transformation equations, which do not longer rely on the solution of implicit equations for
the computation of the elliptic parameter.®

m = f f

We intentionally delay the selection of the elliptic parameter m = m(5) = m(L/G) as
much as possible. Independently of this choice, if we call

F(1+f) om

u=F(|m)=10/X(m), X—;W%7

(19)

then ¢y = am(u|m) from Eq. (11), where am is the Jacobi amplitude function, and the
inverse transformation to Eqgs. (11)—(14) is written

V1+ fsn(ulm) “iny = en(ulm)

,/1—|—fan(u|m)7 ,/1—|—fsn?(u|m)7

where sn and cn are the Jacobi sine amplitude and cosine amplitude elliptic functions,
respectively, and

(20)

COSV =

p= g = [ (7 m) [V Om 5) = T fram(adm) ) e

M= (22)

N = G,/fjmdn(tdm) (23)

where dn is the Jacobi delta amplitude elliptic function, and we abbreviate
1
Y = m L Bom) (24)
f+m f+m2 08

In Hitzl and Breakwell’s notation, f = 2v/(1 —v), B2 = a2, = f(2+ f —m)/((2+ ) (f + m)),
where the triaxiality parameter 0 < v < 1 should not be confused with the Andoyer variable v used in this
paper. Kinoshita changes Hitzl and Breakwell’s notation to e; = v and b = 1/ 3.
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Disturbing function in new variables

It remains to express the disturbing function Eq. (9), and hence ¢;, s; and v, in the new
variables. From Eqgs. (22) and (23), we find

cy = ”f —{m dn(u|m),

while ¢; = H/G because A = H and M = G. Then, taking into account Eq. (20), the
disturbing potential Eq. (9) is written 7" : (V), =U

U= 711:5 (2 — 357 + 357 cos 29) {(20 —B—-A4) {1 -3 f—lj—cm dn2(um)}
Foq (1+ f) sn?(ulm)
+3(B—A) {1 “Fim dn (u|m)} [1 -2 T fsnZ(u]m) }} (25)

where ¢ = h — 6, and m, and therefore w, still remain to be defined.

Rotating frame

We note that ¢ is the argument of the ascending node of the invariant plane with respect
to the inertial plane, in a rotating frame with orbital rate df/d¢ = n. Therefore, the explicit
appearance of the time can be avoided by moving to the rotating frame by introducing the
Coriolis term —n ®, where ® = A = H is now the conjugate momenta of ¢. Then,

K=Ky—n®+U (26)

where we take the Coriolis term to be of first order and the gravity-gradient potential U to
be a second order quantity.

PERTURBATION APPROACH

We use the standard Lie transforms procedure?!2? to find the secular terms of the Hamil-
tonian. Thus, starting from a Hamiltonian expanded as a power series of a small parameter
e: K = Yi50(e"/i!)H; o, we find the canonical transformation that, up to a truncation order,
reduces this Hamiltonian to its secular terms S = Y";5(¢/i!) Hy ;. The transformation is
computed from a generating function W = > ,5,(e"/i!)W; ;1. This is done in a stepwise
procedure that is usually known as “filling the Lie triangle” in which each order of the new
Hamiltonian H; is selected at will, commonly from an averaging of previous terms, while
the corresponding order of the generating function W, is solved from a partial differen-
tial equation. The result is a new Hamiltonian and a generating function from which the
transformation equations are computed in a new application of the Lie triangle.??

In our case, we assume that the gravity-gradient torque is of higher order than the Cori-
olis term, which in turn is of higher order than torque-free rotation. This ordering of the
Hamiltonian allows us to split the averaging procedure into two parts.
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Average over /

First, we look for a canonical transformation (¢, g, ¢, L, G, ®) N 0, q,¢,L',G P
that removes the variable ¢ from the Hamiltonian. We set

Ho,o = Ko, Hl,O =-nd, Hz,o =2U,

where all the functions are assumed to be expressed in prime variables. For the sake of
brevity, we drop the prime notation in what follows when there is no risk of confusion.
The first step in the computation of the Lie triangle gives

G C—-A [  Omow,
24 C (f+m) 95 ot

=Hyo— Hp,
Because H  does not depend on ¢ or g, we choose Hy; = H;, and the first term in the
generating function is W, = 0. Because the vanishing of W, the next step gives

GC—-A [ Om oW
24 C (f+m) 95 ot

=Hyg— Hypo (27)

We choose Hy s = (Ha ), where recalling that the Jacobian elliptic functions are 4K (m)-
periodic,

Howe ~ [T myoar— L ™™g 4 28
0,2—f/0 2,0 —4K(m)/0 2.0 du. (28)

Remarkably, the averaged Hamiltonian is computed without need of defining yet the
transformation derived from the Hamilton-Jacobi equation. We get

2

Hos = %n(2—3s§+353 cos 2¢), (29)
where? (m)
B C—-A 1+f C—-B E(m
K—(B—A){B_AJrl—?)m_’_f{l BK(m)}}’ (30)

where E(m) is the complete elliptic integral of the second kind. In view of m = m(L, G)
and f = f(A, B,C), we note that x only depends on the new momenta L and G and on
the inertia parameters.

Then, the term W5 of the generating function can be solved from Eq. (27), still without
need of choosing m. We get

2
Wy = —ig(C—B)Am Z(|m) (1—33%31112 (;5) (€29

The function & first appeared in Ref. 2 (Eq. (12), p. 147). Note that in Chernous’ko’s notation C' < B <
A, and m = k2.
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where

E E
Z(|m) = E(¢|m) — KEZ; F(¢|m) = E(am(u|m) |m) — KEZ)) u (32)
is the Jacobi zeta function, which is periodic and plays an analogous role to the “equation
of the center” of the orbital motion. E(1)|m) is the incomplete elliptic integral of the second
kind.

Once the generating function has been computed, one may be tempted to improve the
secular terms by computing higher orders of the averaged Hamiltonian. The construction
of the Lie-triangle only involves the trivial computation of Poisson brackets. Nevertheless,
we immediately find non-trivial integrals related to the “equation of the center”, Eq. (32).

The choice of the transformation from the Hamilton-Jacobi family

We remark that in spite of the Jacobi zeta function is periodic, its derivative with respect
to the elliptic parameter may be periodic or not: it depends on the specific choice of X (m),
cf. Eq. (19), which in turn defines m as the solution of a differential equation.

For the sake of illustrating the whole procedure, we chose here a specific transformation.
First of all, we note that we can proceed in two different ways. On one side, we can impose
some condition either to Eq. (11) or to Eq. (12) and solve m from a differential equation.
Alternatively, we can enforce two simultaneous conditions to Eq. (11) and (12), and then
compute m = m([3) by simply eliminating m/J/ from an algebraic system.

For instance, the simultaneous conditions

VIGhom ( f ,88m>

1
S empr a3 - v Frm\"  Fimzop

X = =

)

imposed to Eq. (11) and (12), respectively, allow for the trivial elimination of dm /00,
leading to

Q2
m:f{(l—i—f)p—ly (33)
and, consequently,
G? 1 1y L?
Ko=5x-(5-¢) 5 GY

In addition, both the direct and inverse transformation are given explicitly, cf. Ref. 8. A
drawback of this transformation might be that neither ¢ nor g are angles.

On the other hand, the simultaneous conditions

le,/f(l—i—f)ﬁm . (35)
T (fmPR o T K(m)
_ 1 foBom\ _ T(-fm)
Y:f+m<m_f+m286> = TKm) (30
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imposed to Eq. (11) and (12), respectively, render both ¢ and g angles. But the resulting
transformation has the inconvenience of giving the elliptic parameter as an implicit function
of the new momenta.!” Thus, the trivial elimination of 0m/0p from Egs. (35) and (36)

gives
L 2 J1+f m
5—;\/7f (f+m) {H(—ﬂm)—f_i_mK(m) )

Hence, the Hamiltonian in the new variables must remain in the standard form of Eq. (18).

In what follows we base on the first transformation defined by Egs. (33) and (34) because
of the explicit character of the transformation and its analogy with Hitzl and Breakwell’s
proposal.* Therefore, u = ¢ = —F (1)|m).

Transformation equations of the first averaging

Because m = m(G, L), it worths to recall that

dE(m)  9E(m) om 1 B om
LG~ om LG am P =K 5o
OK(m) — O0K(m) om 171 1 B om
LG — om LG amli—m o K| 5
where, cf. Eq. (33), 5 5
m m
Gos =—Lgr =2(m+)). 37)

In this case, the transformation equations are

=€+, (€M), €€ (09.0,1,G.2)

where {a; b} stands for the Poisson bracket of the functions a and b.

Then, calling A¢ = £ — &', we find

Al = i’gz A(C —B) {2(f +m) % - Z(w\m)] (1-3ssin’e)  (38)
Ag = fé {AE - % A(C = B) Z()|m) (1 — 35} sin®¢ + 6¢] sin%)} (39)
Ap = —iﬁ A(C-B) é Z(|m) 6er sin®o (40)
AL = zgi A(C—-B)L [m - dn(€|m)2] (1= 357 sin’p) (41)
AG = 0 (42)
AP = —jgz A(C — B) LZ(1|m) 35/ sin 2¢ (43)

where we remind that the right member of the equations should be assumed in the prime
variables.
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The derivative of the equation of the center with respect to the elliptic modulus required
by Al in Egs. (38)-(39) is
9 E(m)

0 0
I Z(am({lm)|m) = 3 E(am(¢|m) | m) — oK (m)

where

0 Em) 1 [ E(m) _ Em)
om K(m) — 2m [2K(m) (1—=m)K2(m) 1}’

d 1
I E(am({|m)|m) = 0 —m) [dn(€|m) en(flm) sn(fjm)
— en®((jm) E(ulm) — (1 = m) sn*(¢[m) (],
and hence
3} cn(flm)
m Z(yplm) = 21 —m) [dn(ﬁlm) sn({|m) — en(l|m) Z(¢|m)} (44)
1 1 E(m)| [E(m) 9
Tom [1 Tiom K<m>} [K<m> — “’m)] !

that is not periodic, as illustrated in the right plot of Fig. 1. This means that the transforma-
tion equations for the variables ¢ and g are affected of mixed terms.

=12

LA
VT

oL

dx/ om

0 5 10 ]5
4

Figure 1. Derivative of the center equation y = Z (am(ﬁ | m)|m) with respect to the
modulus in the case m = 1/2.

Nevertheless, some cases can be found in which this derivative is also a periodic function,
thus avoiding the appearance of mixed terms in the transformation equations. That is the
case of action-angle variables,'! for which

0 ~cn(um)

where u = 2K(m) ¢/m. The closed form integration of the tumbling satellite problem in
action-angle variables is under progress and will be presented elsewhere.

[dn(u|m) sn(ulm) — en(ulm) Z(1/1|m)} (45)
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Average over ¢

A new Lie transform (¢, ¢',¢', L', G',®") — (¢",q",¢",L",G",®") such that it re-
moves the angle ¢ is then computed. We start by setting Koo = Hoo, K19 = Hp 1, and
Ko = Hpg, all of them evaluated in the double prime variables although we drop the
primes from the notation for brevity.

Because the only angle that appears in the Hamiltonian is ¢”, we may assume that the
new generating function V' = Y>,5(g"/i!) Vi1 only depends on this angle. Then, the first
step in the Lie triangle gives 0 = K o — K1 and we trivially choose Ky, = K while
V1 remains unknown at this step. The second step gives

A%
Koz =2n 8751 + Kap. (46)
We choose K, = i ( 02” K> ¢ d¢, which produces
n? [ ®?
K072 = Z <3G2 — 1> K. (47)

Then, from Eq. (46) V; = 5= [(Koz — K3) d¢, resulting in

3n o2 .
Vi= 16 (1 - GQ> K 8in 2¢. (48)

Transformation equations of the second averaging
Now, the transformation equations are
="+{"Vi}, £€(lyg,¢0.L,G Q).
Then, calling 6§ = &' — £, we find

n9 C-B o2\ L?
55:%4‘10(1 G)G (“49)
C—B f+m 2f E(m) 1 E*(m)]) .
1 1— 5in 2
X{ TTB om { Fam Km) " 1—m K(m)| {529
3n &2
0p = e K sin 2¢ (50)
P L
6L =0 (52)
G =0 (53)
3n o2
0d = 3 <1 - G?) K oS 2¢ (54)

where the right member of the equations must be expressed in the double-prime variables.
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Secular terms

After the double averaging we find the secular Hamiltonian S = Koo + Ko 1 + %KO,Q
given by

G? 1 1\ L?

s=5u(5c)5 e o
n? P2 C-A 1+ f C — B E(m)
_8(1_3G2>(B_A){B—A+1_3f+m{1+B(m)”

where L, G, and therefore m, and ® are dynamic integrals. The secular frequencies of the
motion are obtained from Hamilton equations,

ar 11 302 C-B 2
dt_<B_C)L+L4G2AC(1—3G2> (56)

C—B fEm) C—-Bf+m 1 E%*m)
X{l_ B EK(m)Jr B 2m [1+1—mK2(m)}}

:nl

d¢ 3n? Cc—-A 1+ f C—BE@m)|]| _
dg 1 i) L 1 1 _
a—ZG—E(WS'F”)_E[W‘F(E—G)L]—ng (58)

and dh/dt = nj, = n + ny.

SAMPLE APPLICATION

To illustrate the application of the theory and show the improvements obtained when
adding the periodic terms to the secular frequencies propagation, we provide a sample
application. We base on the orbit and inertia parameters of a PEGASUS-A satellite, which
we take from Ref. 5 except for we consider a Keplerian circular orbit, in agreement with
the assumptions of our theory. Thus,

A =1.03068 x 10°kgm?, B = 3.33455 x 10°kgm?, C = 3.94992 x 10° kg m*

and
M = 5.842 x 10° kgm?/min, n = 3.71°/min

The phase space of the Euler-Poinsot problem for these momenta of inertia is illustrated
in Fig. 2. Since the perturbation theory has averaged v, it is only valid in those regions in
which this angle circulates. Therefore, we choose the initial conditions in the region where
the trajectories J = J(v) exist in all the range 0 < v < 7. Specifically, we choose the
initial conditions ¢ = 2rad, v = 1rad, A = —0.1rad, J = 10°, ¢ = 70°. The values of v
and J are represented by the big dot in the left-bottom part of Fig. 2.
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Figure 2. Phase space of the Euler-Poinsot problem of a PEGASUS-A satellite.

For the integration we use internal units such that M = C' = 1. Then, using Eq. (11)—
(17) we transform the initial conditions in Andoyer variables to

lp = —0.1626833314,
g =  2.0665318080,

hg = —0.1,

Ly =  3.8744459575, (59)
Go = 1,

Hy = 0.3420201433.

268

and &g = Hy. We assume that @ = 0 at¢t = 0 and, therefore, ¢g = hy. A net transformation
of the initial conditions to the single-averaged phase using Eqs. (38)—(43) space gives

¢y, = —0.1628298853,
g, = 2.0670936407,

6 = —0.0999998751

0 ’
Ly = 3.8744812340, (60)
G, = Gy,
o[ = 0.3420169296.

Finally, using Eqgs. (49)—(54) we obtain the initial conditions

5 = —0.1592197766,
g = 2.0534303122,

0 = —0.1009172983,
Gg = G07
Oy = 0.3531301948,



and secular frequencies

ner = —0.7146350295,
ng =  3.8310289891, (62)
’n,¢// = —00441809428,

that are computed from Egs. (56)—(57).

The initial conditions in the double-averaged phase space, Eq. (61), are propagated for
several orbital periods of the PEGASUS-A-type satellite using the secular frequencies,
Eq. (62). Results are compared with the propagation of the Hamilton equations of the non-
averaged Hamiltonian, Eq. (26), for corresponding initial conditions in the non-averaged
phase space, Eq. (60).

The attitude evolution in the non-averaged phase space is presented in Fig. 3, where
to better appreciate details introduced by the gravity-gradient torque, we subtract to each
variable the constant rate of the torque-free motion, represented by the tilde variables. From
Hamilton equations derived from Ky — n @, with Ky given in Eq. (18), we find: L = Ly,
G = Gy, ® = D, and

~ 1 1

. 1

g = go+ 1 Got, (64)
¢ = ¢o—nt (65)

Thus, we find that ¢ advances over the torque-free motion with a constant rate of about
0.053 units times orbital period, and is affected of short and long-period effects. On its
side, g slows down with respect the torque-free motion at a much higher rate of about
—0.183 radians (or ~ 10.5 deg) times orbital period, plus periodic effects. The rate of
departure of ¢ from the torque-free motion is about —3.3 deg times orbital period and is
only affected of periodic terms related to the orbital motion. Finally, L differs from the
constant torque-free motion value only in low-amplitude periodic terms, while ¢ advances
over the unperturbed value at a small rate of 0.002 units times orbital period and similarly to
its conjugate variable ¢, is only affected of long-period effects related to the orbital motion.

The errors of the propagation of the secular terms are presented in Fig. 4, where we
note that the propagation of the secular terms is affected of short-period oscillations related
to the rotational motion and long-period oscillations with half the orbital period. These
periodic terms mask a secular trend related to the truncation of the Lie-transforms theory.

On the contrary, if we recover the periodic terms using first Eqs. (49)-(54) to compute
the prime elements 2/ = 2"+ 2", x € (¢, g, ¢, L, G, ®), and then Egs. (38)—(43), we obtain
a set of elements 2* = 2’ + Az’ that are much closer to the original solution. The errors of
this set of approximate elements are shown in Fig. 5. Thus, when comparing Figs. 5 and
4 we note that, in spite of both short and long-period errors remain in Fig. 5 they are now
much smaller, clearly disclosing the secular error due to the truncation of the perturbation
theory.
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CONCLUSIONS

The tumbling satellite problem for the attitude propagation of triaxial satellites has been
revisited and improved with the computation of the short periodic terms. The perturbation
solution relies in a set of variables that provide complete reduction of the Euler-Poinsot
problem when expressed in Andoyer variables. This reduction is done formally without
need of choosing in advance any specific form of the reduced Hamiltonian. This fact makes
that the secular terms of the tumbling satellite problem, as well as the generating function,
are computed in a general form that either does not need the previous selection of the
canonical variables used in the procedure. Once a particular set of variables is chosen, one
can easily achieve the computation of the long and short periodic corrections that are related
to the orbital motion and to the rotation of the body frame about the angular momentum
vector, respectively. These corrections are provided as a compact set of formulas which are
computed in closed form of the elliptic parameter.

Proceeding this way, it is shown the fundamental role that the Jacobi zeta function plays
in the perturbation solution. Since the Jacobi zeta function appears as soon as in the early
stages of the perturbation approach, one may anticipate non-trivial difficulties when trying
to extend the closed form integration of the tumbling satellite problem to higher orders.
These problems would be similar in nature to those arising from the integration of the
equation of the center in the satellite problem, so one would expect that succeeding with
the closed form integration to higher orders, if possible, will require the use of special
functions of the polylogarithmic type.

Following previous approaches to the tumbling satellite problem, we have chosen a set
of canonical variables that reduce the Euler-Poinsot Hamiltonian to a quadratic form. The
drawback of these variables is that they introduce mixed terms in the transformation equa-
tions of the perturbed problem. In spite of this undesired effect may be not important in the
time scales used in the examples, a remedy is found in the use of action-angle variables.
On the other side, the action-angle variables have the drawback of requiring the inversion
of implicit equations in the solution procedure.

Despite we restricted the gravity-gradient torque to the simpler case of a satellite in
circular orbit, the mathematical procedures employed are not limited in application to this
simple model, and the theory can be extended to more real models that include, for instance,
the case of elliptic orbits and the effect of the Earth’s oblateness in the motion of the orbital
node and perigee.
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