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Abstract
A classical approach to the many-body problem is that of using special perturbation methods. Nowadays
and due to the availability of high-speed computers is an essential tool in Space Dynamics which exhibits a
great advantage: it is applicable to any orbit involving any number of bodies and all sorts of astrodynamical
problems, especially when these problems fall into regions in which general perturbation theories are
absent. The Group of Space Dynamics of UPM (GSD-UPM) has developed a new regularization scheme —
called DROMO— which is characterized by only 8 ODE’s and exhibits a higher accuracy when compared
with other propagation schemes. It can be used as a general-purpose propagator, but it turns to be useful
when a hight fidelity propagation is mandatory. One such case is, for example, that of Near Earth Objects
(NEO’s) dynamics. DROMO allows a new approach to the dynamics of NEO’s in the long term, especially
appropriated to consider the influence of the anisotropic thermal emission (Yarkovsky and YORP effects)
on the dynamics. A new project, called NEODROMO, has been started in (GSD-UPM) that aims to provide
a reliable tool for the long term dynamics of NEO’s.

Introduction

T

HE simplest analytical model to be used in the propagation of an orbit is the theory of the Keplerian motion of a
celestial body. This theory, which is essential from several points of view, becomes hardly useful when perturbations
are involved in the dynamics in the sense that analytical solutions are no longer available. There is a large number of
perturbations which can be acting on satellites. At first sight and due to the large number of theories and procedures
developed in celestial mechanics there would seem to be numerous analytical formulations for solving perturbed motion.
Would it be possible to obtain an analytical solution for each particular case? The answer depends on the forces we model;
due to the complex nature of the equations representing the physical models exactly integrable expressions are difficult to
obtain. The search of analytical solutions usually relies on series expansions to express the motion (a source of practical
difficulty). In some cases, the effects over time of given perturbations can be classified through the secular, short-periodic,
and long-periodic variations of the classical orbital elements. Although these distinctions help us decide which effects to
model, the practical difficulty of an infinite series still remains.
A classical approach to the many-body problem is that of using special perturbations. Some classical special perturbation methods are: 1) the Cowell’s method and 2) the Encke’s method. The main disadvantage of these methods is that
they rarely lead to any general formulae; in addition, the body’s positions at all intermediate steps must be computed in
order to arrive at the final configuration.
However, and due to the availability of high-speed computers, nowadays the special perturbation methods became an
essential tool in Space Dynamics which exhibits a great advantage: it is applicable to any orbit involving any number
of bodies and all sorts of astrodynamical problems, especially when these problems fall into regions in which general
perturbation theories are absent. One such case is, for example, that of Near-Earth Objects (NEO’s) dynamics.
Some NEO’s of the Solar System mean a real threat for the life on Earth. The geological and biological history of
our planet is punctuated by evidence of repeated, devastating cosmic impacts. References [1, 2] deal with the asteroid
threats in a detailed way; also, the volume 2 of the Journal of Cosmology is entirely devoted to these kind of threats. As a
consequence, asteroid deflection is becoming a key topic in astrodynamics.
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Although no asteroid has been deflected so far, altering the trajectory of a small-sized asteroid to avoid a catastrophic
impact with the Earth has been shown to be, in principle, technically feasible [3], and different techniques, ranging from
nuclear detonation to kinetic impact and low-thrust methods, have been proposed [3, 4, 5]. Each one of these methods
shows advantages and drawbacks that, in general, depend on the mass and orbital characteristics of the particular asteroid
to be deflected as well as its physical property (porosity, composition, surface reflectivity, etc.) and rotation state.
The dynamics of a NEO, specially in the long term, is always a n-body problem with additional perturbations. Twobody regularization is an efficient tool to integrate perturbed two-body problems numerically. This is true not only in
Keplerian astrodynamics but also in n-body simulations. Originally regularization was developed to avoid the numerical
difficulty in integrating nearly parabolic orbits such as those of comets. However, its effectiveness was confirmed even for
nearly circular orbits due to its better numerical stability than unregularized Keplerian motion [6]. A numerical comparison of different regularized schemes together with the unregularized formulation in the light of their computational cost
and performance can be found in [7].

Activities of the GSD-UPM
The Group of Space Dynamics of UPM (GSD-UPM) has been originated from the old Group of Tether Dynamics
of UPM (GDT). The GSD-UPM has a wide range of activities directly related with astrodynamics: courses —the UPM
Master in Space Technology— research projects, publications, etc. At present, nevertheless, our activity is focused on
two main research lines: 1) the Ion Beam Shepherd (IBS) concept and 2) the DROMO propagator.
The IBS concept: it allows the introduction of a controlled force on a spacecraft, or a celestial body, by means of a
highly collimated high-velocity ion beam which is produced by an ion thruster onboard a shepherd spacecraft. The ion
beam is pointed against a target to modify its orbit and/or attitude with no need for docking. It can be used to deflect a
threatening asteroid (see [8]) or to remove space debris (see [9]). In the context of the Ariadna Call for Ideas: Active
Removal of Space Debris, the IBS concept has been partially developed in Ref. [10], a project carried out in collaboration
with the EP2 team1 of the UPM.
Regardless of the chosen deflection method, accurate orbit propagation and determination is of paramount importance
in any deflection mission. However, when using low-trust deflexion techniques the accurate knowledge of the asteroid
dynamics turns out to be a key point of the mission, since a substantial lead time should be provided in order to execute
the deflection operation with the required reliability.
The DROMO propagator: this is a new regularization scheme which is characterized by only 8 ODE. This special
perturbation method was presented for the first time in the 2005 winter meeting of the AAS [11], but the basic theory of
DROMO can be found in [12] that was published in 2007 almost simultaneously with the Fukushima report (DROMO is
not evaluated in [7]).

NEODROMO project
This novel method is especially appropriated to carry out the propagation of complex orbits, like, for example, NEO’s
orbits. The formulation of DROMO is flexible and it permits, in some cases, to obtain analytical or semi-analytical
solutions; an example of this flexibility can be found in [13] where a new asymptotic solution has been obtained for the
constant tangential thrust acceleration case. However, the best performances of DROMO are obtained when it is used in
the numerical propagation of orbits. Thus, DROMO turns out to be one of the most accurate propagators when compared
with similar formulations. Due to the plus of accuracy provided by the DROMO formulation (see section in page 5), this
scheme is quite appropriated for the propagation of orbits when a high-fidelity description of the trajectory is mandatory.
This tool will be used to study the dynamical behavior of small celestial bodies.
Aside from the gravitational perturbations, NEO’s dynamics is affected by non-conservative perturbations of thermal
origin. The effects of thermal radiation forces and torques on small bodies of our Solar System have been extensively
studied during the last decades. An excellent description of these phenomena can be found in two Ph.D. thesis defended in
Charles University (see [14, 15]) focusing on its influence on the dynamics of asteroids and small bodies. The main effects
of these perturbations of thermal origin are called the Yarkovsky effect and the YORP effect (Yarkovsky - O’Keefe Radzievskii - Paddack). Predicting the trajectory of a given asteroid —we are thinking basically in NEO’s— involves the
knowledge of several standard models of the solar system that includes the gravity of the Sun, Moon, other planets and
the three largest asteroids: Ceres, Vesta and Pallas. The ephemeris of all these celestial bodies are needed and high fidelity
prediction requires high fidelity ephemeris.
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Additional factors influence the long-term predicted trajectory in a substantial way: the spin of the asteroid, its mass,
the way it reflects and absorbs sun-light, radiates heat, and the gravitational pull of other celestial bodies passing nearby.
Most of these factors are associated with small perturbations which act on the asteroid and produce the slow evolution
of its classical elements. However, close encounters with celestial bodies introduce a much faster time scale and the
dynamical state of the asteroid could change drastically.
When studying the dynamics of NEO’s on long time intervals numerical methods of integration of the equations of
motion are practically mandatory since the dynamics of these objects is not easily studied by analytical methods because
of large eccentricities and close encounters with planets. In addition, the elements of the NEO orbits are known with some
uncertainty due to errors associated with the observations used to determine the orbit or the initial conditions used to start
the propagation. The presence of these errors, in some cases, invites the use of probabilistic methods to solve the problem
(see, for example, the paper [16]).
However, we adopt another point of view. During the last years, the observation techniques and the procedures used to
determine orbits have experienced important improvements (see [17, 18, 19]). This is one of the reason why the number
of well known NEO’s has increased spectacularly. Similarly, the knowledge about the spin rates of asteroids is increasing
steadily (see [20, 21]) and it is natural to assume that this bulk of knowledge will increase even more during the next
decades. Some recent examples in this sense can be found in [22, 23].
Paper [24] tries to describe the main characteristics of NEODROMO, which is being developed in our group. The
idea of NEODROMO project is to offer a propagation tool, specially tailored for the NEO’s dynamics, including models
of increasing complexity that can be used for the determination of orbits and the prediction of trajectories. The main
objective of that project is to obtain numerically an accurate description of the dynamics of a NEO in the general case in
which the thermal radiation induce both, the Yarkovsky and the YORP effects. To do that we use the DROMO propagator
together with an attitude propagator also developed in our group.
The goal of this communication is to describe the main features of DROMO and to compare its characteristics as orbit
propagator with the propagation scheme based in the Cowell method by using the Störmer-Cowell algorithms to integrate
the equations. In this paper we perform a comparison between these two hight fidelity models by using:
1. the classical example 2b of the famous book of Stiefel and Scheifele: [6]; such an example has been used also in
other works (for example, in the book [25])
2. an analytical solution which appears in the well known problem of Tsien: a satellite perturbed by a constant radial
thrust.

Cowell’s formulation

T

HE

propagation of the orbit of a celestial body or a spacecraft involves the integration of the equations of motion:
μ
¨r = − 3 r + ap
r

(1)

where r is the position vector of the satellite and ap is the total perturbing acceleration. The Cowell method (or the
Cowell’s formulation [26]) is a Special Perturbation method which provides a numerical solution of this problem by
integrating the following set of ODE’s:

x
ẍ = −μ 3 + apx (t, x, y, z, ẋ, ẏ, ż), r = x2 + y 2 + z 2
(2)
r
y
(3)
ÿ = −μ 3 + apy (t, x, y, z, ẋ, ẏ, ż)
r
z
(4)
z̈ = −μ 3 + apz (t, x, y, z, ẋ, ẏ, ż)
r
where (x, y, z) are the cartesian coordinates of the position vector r in some frame (usually inertial). They must be
integrated from the initial conditions:
t=0:

x = x0 , y = y0 , z = z0 , ẋ = ẋ0 , ẏ = ẏ0 , ż = ż0

(5)

The name is due to its discoverer P.H. Cowell in the early 20th century.
There is some confusion in the terminology regularly used when describing the numerical propagation of orbits. Some
authors talk about the Cowell’s method as a special perturbation method; other authors talk about the Cowell’s method
3

Formulation
Non-summed
Summed

rn+1

Störmer methods
k−1

= 2 rn − rn+1 + h2
δj ∇j an
rn+1 = h2

k+1


rn+1

Cowell methods
k−1

= 2 rn − rn+1 + h2
δj∗ ∇j an+1

j=0

δj ∇j−2 an

rn+1 = h2

j=0

k+1


j=0

δj∗ ∇j−2 an+1

j=0

Table 1: Some of the different formulations available for fixed-stepsize Störmer-Cowell methods[30].
as a set of multistep algorithms especially designed for the direct integration of second-order differential equations. This
situation is probably due to a particular integration scheme called the Störmer-Cowell method which, at present, is widely
used to the propagation of orbits in many astrodynamical problems. In the Störmer-Cowell method the Cowell’s method
(as special perturbation method) is used, by integrating the equations of motion with the Störmer-Cowell formulas. Many
people prefer these methods for improved round-off error and ease of programming. But this is an open question and
there is no general agreement about the supremacy of any particular method relative to others.
The second-order differential equations (2-5) can be integrated by reducing it to a first order system (which allows
the use of a broader class of integration methods); however, it seems more natural to directly integrate Eqs. (2-5) without
using first derivatives. This approach results in an increase in efficiency [27] because it exploits special information
about the differential equations. So, we shall distinguish between double-integration methods that directly integrate the
second-order differential equations (2-5) and single-integration methods that integrate first-order differential equations.
Double-integration methods are generally more accurate than single-integration methods, because removing the velocity calculation reduces the round-off error. In addition, in the case of multi-step integration, double-integration methods
are more stable than single-integration methods and only require one evaluation per step, so double-integration is faster
than single-integration [28].
Runge Kutta Nyström methods (RKN) are single-step double-integrations methods. These methods allow for an
easy stepsize control and are well suited for high accuracy requirements. The corresponding multi-step methods are the
explicit Störmer methods and the implicit Cowell methods, which are usually combined together in a predictor-corrector
construction as Störmer-Cowell methods (SC). Störmer-Cowell methods are known to obtain the maximum profit out of
the Cowell’s formulation, and are hence the ones on which we will focus. Multi-step integrators can be implemented
following different formulations. For example they have both a non-summed and a summed form, depending on whether
a summation term is used in the derivation[28] (see table 1). The summed form of the Störmer-Cowell method is also
known as Gauss-Jackson integration, and is usually preferred since it manages to reduce the round-off error[29].
The formulation of Störmer-Cowell methods is easy for fixed-stepsize —see table 1— and is most clearly expressed in
terms of backward differences of the backpoints, but backward differences require that the backpoints are equally spaced,
so the stepsize must remain constant[28]. However, it is advantageous for an integrator to be suitable for a variable
stepsize formulation, which is not easy in a multi-step method, since it is becomes necessary to recompute the coefficients
via recurrences in order to avoid the evaluation of the two-fold integrals that define the coefficients. This is achieved
by using divided differences instead of backward differences, for divided differences do not require the backpoints to be
equally spaced[27, 30]. This yields the problem of stepsize control, which is usually solved by taking the difference of
correctors of different orders to estimate the local error at each step, and the size of the next step is then adjusted based on
the local error estimate to meet a given tolerance.
Orbit propagators that implement a Cowell’s formulation with a variable-stepsize Störmer-Cowell integration method
are believed to provide the best combination of performances in terms of accuracy and speed. However, the implementation of such codes is delicate and non-trivial, since Störmer-Cowell methods might be implemented following many
different algorithms, and there are several issues such as the stepsize control strategy or the starting procedure that are
very tricky and susceptible of different approaches that lead to different performances.
In order to provide the most fair comparison of propagators we decided to use in this article a well-known, referenced
and tested Störmer-Cowell method for performing numerical comparisons. So, we used the code that Matthew M. Berry
derived and kindly put freely available[30], where just slight adjustments were made to the code to extend the allowed
maximum order of the method. The main features of this code are the following:
• The method is variable-step with error control, so larger stepsizes can be taken when possible
• The step size is controlled by estimating the local position error at each step.
• Only one evaluation is performed per step, for a PEC implementation, which significantly reduces the run-time, and
because order increases that require a constant step are not being considered, fewer restrictions are placed on the
stepsize control, while preserving the stability of the scheme.
4

• The method uses a variable-order implementation for initialization, so it is self-starting. However, the method is not
variable-order beyond the initialization phase, because variable-order algorithms would require a second evaluation.
Notice that (unlike DROMO formulation) Cowell’s formulation integrated with Störmer-Cowell integrators just provides the propagated position vector but not the velocity. If the velocity is also desired, then the Störmer-Cowell integrator
must be combined with an embedded Adams integrator, which usually slightly increases the number of integration steps,
as the stepsize required by Adams integrators might be more limiting than that required by Störmer-Cowell integrators.

DROMO propagator

A

NOTHER classical special perturbation method is the Encke’s method which makes use of the fact that to a first
approximation the orbit is a conic section. The integration gives the difference between the real coordinates and the
coordinates of the osculating orbit. As time goes on the differences grow, until it becomes necessary to derive a new
osculating orbit. This process is called rectification of the orbit.
Propagators based in the osculating orbit concept and the Variation of Parameters (VOP) procedure are, in fact, a
limiting case of the Encke’s method for which the rectification of the orbit is performed continuously along the integration
process. This is the case of DROMO propagator which is based in a new special perturbation method that makes use of
the VOP procedure and it describes the osculating orbit with a new set of non-classical elements (q1 , q2 , q3 , ε01 , ε02 , ε03 , ε04 ).
DROMO provides the time evolution of these elements when the perturbations forces are known; when the perturbation
forces vanish these elements keep constant values. In what follows we summarize the basic elements of the DROMO
propagator.
z
A particle O of a mass m moves with respect to an
h
inertial reference frame O1 x1 y1 z1 ; we assume O1 to be
the center of mass of the primary body (the Earth, the Sun,
k
a planet, etc.) and the particle O to be exposed to: 1) the
main term of the primary’s gravitational attraction and, 2)
v
x
O1
the rest of forces upon the particle, gathered as a single
i
perturbation whose resultant is map . The motion of O is
O
of course governed by the vectorial equation
x

d2 x
μ
x + ap
=−
dt2
|x|3

Orbital Plane

(6)

j
y

Consider the orbital reference frame Oxyz (fig. 1)
with origin at O and defined as follows: the Ox axis goes
along the radius vector x, the orbital plane Oxz is deFigure 1: Orbital frame
˙ = v of the particle such
fined by the velocity vector x
that v · k ≥ 0, and the Oy axis is set orthogonal to the
previous in order to get a right-handed triad.
The velocity field of the Oxyz frame gets established by the velocity v of the point O, and its angular velocity ω with
respect to the O1 x1 y1 z1 reference, both elements dependent on the motion of the particle. Hence, if the trajectory x(t) is
known as a function of time then v and ω can be calculated. The key point of DROMO is simple: instead of obtaining
the time evolution of the dynamic state (x, v) of the particle we determine the time evolution of the orbital frame Oxyz.
The unit vectors of the orbital frame can be deduced from relations
i = x = x ,
|x|
R


j = v × x = − h ,
|v × x|
h

k = i × j

where the distance |x| is renamed as R(t) and h = x × v is the angular momentum per mass unit. Differentiating this
unit vectors with respect to time yields
v
di
1
Ṙ x,
=
−
dt
R R2

dj
ḣ
1 d h
= 2 h −
.
dt
h
h dt

If we let (p, q, r) be the orbital frame components of ω , according to the definition of angular velocity we get:
di
= ω × i = r j − q k,
dt

dj
= ω × j = −ri + p k
dt
5

and identifying the (p, q, r) components leads us to
⎧
1
⎪
⎨ r = (v · j) = 0
v Ṙ 
R
− i = r j − q k ⇒
⎪
R R
⎩ q = − 1 (v · k)
R
⎧
1 d h 
⎪
⎪
⎨r = + (
· i) = 0
ḣ 
1 d h
h dt
i + p k ⇒
=
−r
h
−
⎪

h2
h dt
⎪
⎩ p = − 1 ( k · d h )
h
dt
Additionally, the time evolution of the angular momentum h per mass unit can be derived from eq. (6),
to provide the relation

I

d h
= x × ap
dt

R
(ap · h),
h2

q=−

h
,
R2

z

ϕ

v

k

Making use of these relation allows for further manipulations, that after some algebra finally lead to the components of the angular velocity ω as
p=

z1

r=0





R2

dR
dθ

+

R

(7)

dR
dθ

ϕ

2

i

O

θ
x1

O1

and are thus more conveniently calculated.
Note that if the particle’s motion was central
(ap = api), then h would be a constant vector that
would fulfil the law of areas R2 θ̇ = h. In this situation the angular velocity components would turn into:
p = 0, q = −θ̇, r = 0, being θ the true anomaly.
In the most general case of a perturbed motion,
namely if ap = 0, the angular velocity of the orbital
frame has two non-zero components: p and q. Thus,
the orbital motion of the frame is defined as a superposition of two rotations:

x

Figure 2: Orbital frame of a plane trajectory

i

z1
dΩ
dt
z

h

O

N2

R
1. one of magnitude p = − (ap · j), about the
h
axis Ox, which does not exist in the Kepler problem

x

u

O1

P

θ
ω

y1

n1

h
2. another one of intensity q = − 2 , about the
R
axis perpendicular to the orbital plane passing
through the point I of figure 2

i
Ω
N1

di
However, traditionally, the orientation of the orx1
dt
bital plane is described by its inclination i and the longitude of ascending node Ω. We want to express the
components of the angular velocity ω in terms of the
Figure 3: Classical elements of the orbit
derivatives of these orbital elements. Therefore another orthonormal frame ( n1 , n2 , u) is introduced (see figure 3), where n1 is in the direction of the ascending node, u
points in the direction of the angular momentum vector and n2 completes the right-handed system. The relations to the
previously defined inertial frame (i1 , j 1 , k1 ) and the orbital frame (i, j, k) are given by equations

6

[i, j, k] = [ n1 , n2 , u] B,

[ n1 , n2 , u] = [i1 , j 1 , k1 ] A,
[i, j, k] = [i1 , j 1 , k1 ] Q,

⎛
⎞
+ cos(θ + ω) 0 − sin(θ + ω)
B = ⎝ + sin(θ + ω) 0 + cos(θ + ω)⎠
0
−1
0
⎛
⎞
+ cos Ω − cos i cos Ω
sin i sin Ω
cos i cos Ω − sin i cos Ω⎠
A = ⎝ + sin Ω
0
sin i
cos i
Q = AB

⎛

+ cos Ω cos(θ + ω) − cos i sin Ω sin(θ + ω) − sin i sin Ω
Q = ⎝+ sin Ω cos(θ + ω) + cos i cos Ω sin(θ + ω) + sin i cos Ω
+ sin i sin(θ + ω)
− cos i

⎞
− cos Ω sin(θ + ω) − cos i sin Ω cos(θ + ω)
− sin Ω sin(θ + ω) + cos i cos Ω cos(θ + ω)⎠
+ sin i cos(θ + ω).

Using the Q-matrix, the components (p, q, r) of the angular momentum vector ω can be obtained from the elements
of the antisymmetric matrix S = QT Q̇ (p = s32 , q = s13 , r = s21 ). Another way, which is more convenient in this case, is
by expressing the components of the angular velocity in terms of ( n1 , n2 , u). Both ways lead to
dΩ
di
+ sin i sin(θ + ω)
dt
dt
dΩ
dθ dω
−
− cos i
q=−
dt
dt
dt
dΩ
di
.
r = − sin(θ + ω) + sin i cos(θ + ω)
dt
dt

p = cos(θ + ω)

The components (p, q, r) obtained here have to be equal to the values obtained earlier (eqs. 7). Thus, the following
relations are valid in the perturbed case:
di
dΩ
R
+ sin i sin(θ + ω)
= − (ap · j)
dt
dt
h
dΩ
h
dθ dω
−
− cos i
=− 2
−
dt
dt
dt
R
dΩ
di
= 0.
− sin(θ + ω) + sin i cos(θ + ω)
dt
dt
cos(θ + ω)

This allows to express the derivatives of orbital elements di/dt, dΩ/dt, dω/dt and dθ/dt in terms of the out-of-plane
component of the perturbing force.
di
R
= − cos(θ + ω)(ap · j)
dt
h
R sin(θ + ω)
dΩ
=−
(ap · j)
dt
h
sin i
dθ dω R
dσ
=
+
−
sin(θ + ω) cot i (ap · j)
dt
dt
dt
h

(8)
(9)
(10)

The equations (8-9) are equal to the Gauss planetary equations for i and Ω; equation (10) is a combination of the other
Gauss planetary equations and it contains σ, the independent variable of DROMO which is defined by
dσ
h
= 2
dt
R
For the particular case ap · j = 0, the orientation of the orbital plane does not change and the first two equations are
zero. The third is only governed by the term h/R2 , changing the law of areas to R2 σ̇ = h. This equation provides a clear
interpretation of σ:
σ = θ + ω − ω0
since in DROMO the initial value of σ is always σ0 = θ0 . Remember that the angle λ = θ + ω is called the argument of
latitude.
7

u2

The theory of DROMO is developed in papers
[11, 12] where a set (q1 , q2 , q3 , ε01 , ε02 , ε03 , ε04 ) of nonclassical elements is clearly defined. DROMO provides the evolution of these elements and the time in
terms of σ, when the perturbations forces are known.
Starting from the original variable, an slight improvement of the performances of DROMO can be
obtained by carrying out the following change of
variables [32]:
q1
q2
ζ1 = , ζ2 = , ζ3 = q3
q3
q3

k

i
e

σ

This way the eccentricity vector can be expressed
like
e = ζ1 u1 + ζ2 u2

αe
u1

Figure 4: Reference frames

where the unit vectors (u1 , u2 ), which lie in the orbital plane, are defined by:
[u1 , u2 ] = [i, k] Q0 ,

Q0 =

cos σ
− sin σ

sin σ
cos σ

They rotate with angular velocity +σ̇ j relative to the orbital frame (i, k).
Expressed in terms of these new variables the governing equations take the form,
dζ1
dσ
dζ2
dσ
dζ3
dσ
dτ
dσ
dε01
dσ
dε02
dσ
dε03
dσ
dε04
dσ

1
[+ŝ sin σfpx + {ζ1 + (1 + ŝ) cos σ}fpz ]
ζ34 ŝ3
1
= 4 3 [−ŝ cos σfpx + {ζ2 + (1 + ŝ) sin σ}fpz ]
ζ3 ŝ
1
= − 3 3 fpz
ζ3 ŝ
1
= 3 2
ζ3 ŝ
λ(σ)
=−
{sin(σ − σ0 )ε02 + cos(σ − σ0 )ε04 }
2
λ(σ)
=+
{sin(σ − σ0 )ε01 − cos(σ − σ0 )ε03 }
2
λ(σ)
=+
{cos(σ − σ0 )ε02 − sin(σ − σ0 )ε04 }
2
λ(σ)
=+
{cos(σ − σ0 )ε01 + sin(σ − σ0 )ε03 }
2
=

These equations should be integrated, taking into account the relations:
λ(σ) =

1
fpy
ζ34 ŝ3

ŝ = 1 + ζ1 cos σ + ζ2 sin σ
1
z = = ζ32 {1 + ζ1 cos σ + ζ2 sin σ}
r
dr
= ζ3 (ζ1 sin σ − ζ2 cos σ)
dτ
σ − σ0
χ=
⎛ ⎞ ⎛ 2
⎞ ⎛ 0⎞
ε1
cos χ sin χ
0
0
ε1
⎜ε3 ⎟ ⎜− sin χ cos χ
⎟ ⎜ε03 ⎟
0
0
⎜ ⎟=⎜
⎟⎜ ⎟
⎝ε2 ⎠ ⎝ 0
0
cos χ − sin χ⎠ ⎝ε02 ⎠
ε4
ε04
0
0
sin χ cos χ
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(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)

and starting from the appropriate initial conditions at σ = σ0 (τ = 0). Here (fpx , fpy , fpz ) are the non-dimensional
components of the perturbing force acting upon the satellite.
The initial conditions should be obtained from the initial values (x0 , v 0 ) of the position and velocity of the body. In
particular σ0 is the true anomaly of the initial position at the initial osculating orbit; the initial values of (ε01 , ε03 , ε02 , ε04 ) are
obtained directly from the orbital frame at the initial position of the initial osculating orbit. The other initial values are:

μ|x0 |
at σ = σ0 : τ = 0, ζ1 = e0 , ζ2 = 0, ζ3 =
|x0 × v 0 |
where e0 is the eccentricity of the initial osculating orbit and μ the gravitational constant of the attractive center (the Sun
in heliocentric orbits).
The mains characteristics of DROMO are:
• Unique formulation for the three types of orbits: elliptic, parabolic and hyperbolic. So, the singularity that appears
in the proximity of parabolic motion when using different formulations for elliptic and hyperbolic orbits disappears.
• It uses orbital elements as generalized coordinates (as the Lagrange’s Planetary equations); as consequence, the
truncation error vanishes in the unperturbed problem and is scaled by the perturbation itself in the perturbed one.
The method doesn’t have singularities for small inclination and/or small eccentricities, unlike the Lagrange’s planetary equations. The orbital plane attitude is determined by Euler parameters which are free of singularities.
• The use of Euler parameters gives easy auto-correction as well as robustness. The error propagation shows better
performances than in the cases of Cowell’s or Encke’s methods. Easy programming, since they use the components
of perturbation forces in the orbital frame. This makes easy the use of models proper of Orbital Dynamics.
• A precise and fast simulator is obtained by using this method with variable step routines with effective step control,
as Runge-Kutta-Fehlberg or Dormand-Prince types. However, routines with fixed step can be used also without
reduction in performances. Multistep routines —like the classical one of Shampine & Gordon [31] (DE)— can be
used also. In fact, this kind of routines show excellent characteristics because, from a practical point of view, keep
the accuracy and reduce the number of function calls significantly.
• It is not necessary to solve Kepler’s equation in the elliptic case, nor the equivalent for hyperbolic and parabolic
cases, since time is one of the dependent variables determined by the method itself.
In what follows we describe some test problems which have been used to asses the performances of DROMO as orbit
propagator comparing with another propagators used in astrodynamical problems.

Satellite perturbed by Moon and oblate Earth

F

OR further evaluation of the quality of the methods, a scenario is introduced, in which a satellite about the Earth
is perturbed by two forces: the oblateness of the Earth and the gravitation of the Moon. The satellite has a highly
elliptical orbit with an eccentricity of approximately e = 0.95. Thus, it moves very fast at its perigee and in this region it
is strongly perturbed by the oblateness of the Earth. At apogee the satellite is subject to perturbations caused by the moon,
which are very significant due to its low velocity in this region.

Problem description
The initial conditions of the problem are given as coordinates and velocity components at t0 . They refer to the cartesian
coordinate system associated with the center of the Earth and have the values
r0 = (0.0, −5888.9727, −3400.0) km
v0 = (10.691338, 0.0, 0.0) km.

(19)
(20)

This corresponds to a perigee height of 6800 kilometers. The span of the integration is equal to 288.12768941 days,
which roughly describes 50 complete orbits. The perturbation due to the Earth’s oblateness, defined by the J2 -term, the
value for the Earth radius RE , and the Earth gravity constant μ are given by
⎫
J2 = 1.08265 × 10−3 ⎪
⎬
RE = 6371.22 km
(21)
⎪
3 −1 ⎭
μ = 398601 km s
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The perturbations due to the moon and the
Earth’s oblateness are calculated as explained in
[6, p. 122]. Hence, the force of the Moon’s gravity acting on the satellite is defined through equation

Time (s)
2.4E+07
2.2E+07

r̈ = Gm3

r3 − r
r3
− 3
 r3 − r 3
r3

2E+07

.

1.8E+07

r3 = r3

1.6E+07

1E+08

1.4E+07
1.2E+07

Z (m)

In this equation, r3 is the lunar position
vector and r is the satellite position. The
lunar gravity constant takes the value μl =
4902.66 km3 s−1 . The lunar position is not defined by an ephemeris model but by trigonometric functions based on the time of the integration.
They read
cos ΩL t √
sin ΩL ti1 −
[ 3j1 + k1 ] .
2

2E+08

5E+07
1.5E+08
1E+08
0

)

)

0
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6E+06
4E+06

5E+07

-6E+07
-4E+07
-2E+07

X (m

Y

(m

1E+07

2E+06

0

The radius of the lunar orbit and the orbital an- Figure 5: Trajectory of Stiefel & Scheifele’s Example 2b, extracted
from [6]
gular velocity are given by
r3 = 384400 km
ΩL = 2.665315780887 × 10−6 s−1
Originally this example was intended to show the performance of the regularization method presented in Stiefel &
Scheifele[6]. It gave exact initial conditions and a precise result for different numbers of steps. It was shown, that for
a high number of steps, no further improvement of the result could be achieved. Hence, the final position obtained by
Stiefel & Scheifele can be assumed very accurate and thus serve as reference. Bond & Allman referred to this example
to compare further regularization methods, such as Kustaanheimo & Stiefel or Sperling & Burdet [25]. In their work, the
different methods were integrated with a stepsize-controlled Runge-Kutta-Fehlberg algorithm of 4th/5th order (RKF4(5)).
To have equal conditions, the integrator’s tolerance is tuned for each regularization method in such a way, that it reaches
the final position with approximately the same number of integration steps per orbit. In [12, p. 147], the results of the
first version of DROMO were added, yielding the values shown in table 2. In this table all regularization methods use
an RKF4(5) and they reach the final position with 62 steps per revolution. In this chapter, the latest DROMO version,
reformulated according to [32], and the Störmer-Cowell integrator will be compared using the following scenario.
Method
x (km)
y (km)
z (km)
steps/rev
Error (km)

Stiefel &
Scheifele
-24219.050
227962.106
129753.442
500
-

Sperling &
Burdet
-24218.818
227961.915
129753.343
62
0.318

Kustaanheimo
& Stiefel
-24219.002
227962.429
129753.822
62
0.501

Cowell

DROMO

-24182.152
227943.989
129744.270
240
42.5

-24219.279
227962.207
129753.492
62
0.250

Table 2: Results for Stiefel & Scheifele’s Example 2b, as obtained in [12]
Table 2 shows that DROMO and the Sperling–Bürdet’s method provide similar accuracy. An additional comparison
between these two methods have been carried out in [12]. In that comparison the exact solution is not the one given in the
book [6]. Instead, we recalculated the solution two times using both propagators with the maximum accuracy; we took as
exact solution the common part obtained in both calculations.
The computations were done: 1) in the same computer (Intel Xeon 3056 MHz microprocessor, 2 Gb RAM), 2) with
the same compiler (Intel C++ 8.1.022), 3) with the same integrating algorithm (Runge-Kutta-Fehlberg 7(8) of variable
step-size), and 4) in the same computer conditions (processor load, etc). To minimize the effect of uncontrolled factors on
the computation time, propagations were repeated 30 times and the mean value of runtime was obtained.
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Comparison of Methods
400

mean computation runtime (ms)

Figure 6 —taken from [12]— shows the reDROMO
sb
sults of the comparison. The runtime is plotted
350
in ordinates and the common logarithm of the
300
norm of the error vector (− log(|Δx̄|) in abscissas. This last quantity is a measure of the qual250
mathematical
ity of the solution: it is approximately equivalimit
lent to the number of exact decimal digits of the
200
solution plus one.
150
The plot shows better performances for
DROMO; it seems to be quicker for the same
100
precision, or equivalently, it seems to be
50
more accurate for identical computational time.
physical
limit
These differences are mainly due to the lower
0
order of DROMO (8 ODE’s) compared with
m 5 cm
0
10
15
20
the Sperling-Bürdet’s method (13 ODE’s). But
-log(error)
there are other reasons also: in the SperlingBürdet’s method the calculation of the “second
Figure 6: Comparison between DROMO and Sperling-Bürdet
members” of equations requires to process perturbation forces through numerical treatments
of some length; this also happens in similar methods based on regularization techniques as the Kustaanheimo-Stiefel
method. In our method however, forces hardly require manipulation. Note that the right hand sides of equations only
include their components in the orbital frame, which are obtained by simple scalar products. Moreover, the simplicity
of programming, joined to the clearness and the simplicity of equations governing the evolution of Euler parameters,
strengthens our conviction in the method’s advantages.
The comparison performed in table 2 and other similar performed in other contexts (see [33] in the field of interplanetary trajectories) is not completely fair for the Cowell method. The reasoning is as follows: for any method, DROMO or
Cowell’s method, exist a numerical integrator that provides the best performances of the method by achieving the required
numerical accuracy after propagation over some specified simulation time. The point is that these integrators need not
be the same for the different methods considered. Thus, for each method, we should select the numerical integrator that
minimizes the CPU time needed to achieve the specified error.

A finer comparison of propagators
The results of table 2 arise from a comparison of different propagators, intended to highlight the achievable accuracy
when the steps per revolution ratio is held constant2 and the integrator used is the same for all cases. This seems adequate
for an equitable comparison of propagators when the used integrator is common but the method (i.e. the system of ODE
equations to be integrated) is not. However, if we wish to compare propagators using different integrators for each method,
then fixing the steps/revolution ratio does not seem fair any more, since multi-step integrators take a single function
evaluation per step, whereas single-step integrators make several function calls per step. Thus, a better criteria for fairly
comparing propagators seems one based on the computational cost, so, we prefer to compare the achievable accuracy for
equal function calls. This is measured by comparing the final error for each propagator when their tolerance is tuned so
that the number of function calls remains the same (372 calls), which more equitably quantifies the performance of the
propagators. Table 3 and figure 7 gather the main results of our tests.
A glance at table 3 evidences very interesting results. We see that Cowell equations integrated with a Störmer-Cowell
integrator of order 5 (SC5), and constrained to 372 function calls per orbit, provide a final error of 13.896 kilometers,
which is an accuracy unachievable with a RKF4(5) integrator unless we permit it to make up to 1440 function calls per
orbit, which involves a computational cost almost four times larger. This accuracy for the Cowell formulation can though
be enhanced by the use of higher order integrators, as allowing the variable order Störmer-Cowell integrator to increase its
order up to order 9 (SC9), thus providing a much smaller final error of just 150 meters, but with a slightly increased runtime 3 . However, the best performance in table 3 is shown by the DROMO regularization method, even when integrated
with a simple low-order RKF4(5). In this conditions, DROMO yields a final error of only 10 meters, with a run-time that
2 Notice

that the steps per revolution ratio was fixed to 62 for regularization methods, but for the Cowell formulation had to be increased to 240 if
comparable final errors were to be obtained.
3 The increase in run-time is due to the overhead of calculating a larger table of divided differences, which becomes visible when function evaluations
are computationally cheap, as is the case
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Method
Integrator
x (km)
y (km)
z (km)
steps/rev
Fcalls/rev
Run-Time(s)
Error (km)

Cowell
RKF4(5)
-24210.188
227957.706
129751.208
240
1440
0.232
10.143

DROMO
RKF4(5)
-24219.049
227962.097
129753.437
62
372
0.094
0.010

DROMO
RKF7(8)
-24219.050
227962.105
129753.441
29
372
0.050
0.002

Cowell
Störmer-Cowell 5
-24232.184
227966.173
129755.268
372
372
0.065
13.896

Cowell
Störmer-Cowell 9
-24219.183
227962.169
129753.473
372
372
0.12
0.150

Table 3: Results for Stiefel & Scheifele’s Example 2b, using DROMO’s newest formulation and different integrators for
the Cowell equations.
competes with that of SC5, but with an error yet an order of magnitude smaller than that provided by the SC9 integrator.
If the integration routine used with DROMO is updated to RKF7(8) the error decreases until 2 m, practically two order of
magnitude smaller than that provided by the SC9 integrator.
At this point we must remark that the results for DROMO gathered in table 3, which show an improvement in accuracy
compared with the previous results of table 2 taken from [12], are mainly due to a slight reformulation of DROMO
equations introduced in [32], which enhances the the algorithm’s performance, and the use of improved Runge-KuttaFehlberg routines.
Hence, after observing that in terms of precision the Cowell method cannot compare to DROMO when using an
integrator of the same order, the question arises of what could be the increase in performance for DROMO when using
high-order integrators instead. For these purpose, we have run several simulations within this scenario with both DROMO
and Cowell formulations and different high-order integrators, by sequentially tightening the integration tolerance and
plotting their performance in a “Run-Time” versus “Final Error” graphic (figure 7), which gives a clearer insight of the
overall performance of these propagators, by directly relating their computational cost to the accuracy the provide.
We easily find out that among the propagators tested the best performance is reached by DROMO and the variable
order (up to order 8) Shampine-Gordon integrator, which takes advantage of the higher efficiency of multistep integrators
as compared to high-order Runge-Kutta integrators. In fact, it can be observed that for a given run-time DROMO is more
accurate, or interpreted the other way around, for a given accuracy DROMO is faster, thus concluding that for the current
scenario of a highly perturbed orbital motion, DROMO shows an outstanding performance when integrated with high
order integrators, far beyond that obtainable by Störmer-Cowell propagators.
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DROMO − RKF7(8)
DROMO − Shampine & Gordon 8
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Cowell − Shampine & Gordon 8
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Figure 7: Comparative results showing the “Run-Time” vs “Final Error” relation for different propagators when used in
Stiefel & Scheifele’s Example 2b.
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The Tsien problem

A

in a circular orbit of radius R0 —circular velocity R0 ω0 with ω02 = μ/R03 — is acted upon by a constant
radial thrust ap = aR ur starting at t = 0. Depending of the intensity of the radial thrust aR two behaviors can be
detected. If aR is greater than a critical value, then an non-Keplerian escape trajectory takes place; otherwise, the radial
motion of the S/C keeps bounded.
SATELLITE

Classical analysis
The forces are central; therefore the angular momentum
is constant and the trajectory is a plane curve:

-1.22

h = r × v = r0 × v 0 = R2 ω0 (− j)
0

-1.23

Let (r, θ) polar coordinates inside the orbital plane. The
law of areas takes the form

-1.24

r2 θ̇ = h,

where h = R02 ω0

(22)

Vef f

The whole forces acting upon the satellite are conservatives and they derive from the potential energy
V (r) = −

-1.25
-1.26
-1.27

μ
− aR r
r

-1.28

as a consequence, the total energy is conserved
1 2
v +V (r) = E,
2

1
μ
where E = v02 −
−aR R0
2
R0

0.5

1

1.5

2

2.5

3

u

Figure 8: Effective potential Vef f and total energy for = 1.0

We introduce the following non-dimensional variables:
r = u R0 ,

τ = ω0 t,

=

2

8 aR
R0 ω02

1.5

Taking into account the law of areas (22), the energy
equation governs the motion relative to the radius vector; it takes the form

du
= ± E − Vef f (u)
dτ

1
0.5

η

where the effective potential Vef f and the total energy
E (non-dimensional values) are given by:
Vef f (u) =

1
2
− − u,
2
u
u 4

0
-0.5
-1

E = −(1 + )
4

-1.5

The solution is given by the following quadrature:
 u
dξ

τ =±
(23)
E
−
Vef f (ξ)
1
and the motion takes place in regions where

-2
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

ξ
Figure 9: Satellite trajectory in the asymptotic case = 1

E − Vef f (u) > 0
Depending on , two different behaviors appear:
1.
2.

< 1 the thrust is small and the motion is bounded by two concentric circles
> 1 the thrust is large and the motion is unbounded. In particular, the escape velocity is reached after a while (see
details in [34])
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Test solution
There is an asymptotic motion which separates these two different behaviors; it appears for = 1. In such a case, the
energy line E is tangent to the graphic of the effective potential (see Fig.8) in a relative maximum which takes place in
u = 2. In this particular case, equation (23) provides the following solution:
√


 u
√
1+ u−1
2ξdξ
√
√
τ=
−4 u−1
⇒ τ = 4 ln
(24)
1− u−1
1 (2 − ξ) ξ − 1
Notice that the motion is tending to a circular motion along a circumference of radius 2R0 (see Fig. 9).
The numerical obtention of this analytical solution is not easy. In effect, the errors accumulated in the calculation
prevent the numerical solution to reach the asymptotic behavior for moderately large values of the time τ . These errors
move the energy line which is no longer tangent to the graphic of the effective potential and 1) the satellite descends
towards the starting circle or 2) it escapes from the attractive body. Thus, and due to its well defined analytical solution,
the Tsien problem is an excellent tool to compare performances of different propagators and integrators.
The goal is to compare different special perturbation methods (DROMO and Störmer-Cowell) observing the accuracy
and the computation time associated with the numerical description of the solution given by (24). In order to obtain best
possible performance with both the DROMO and the Störmer-Cowell propagator, they are changed and simplified as
much as is possible for solving the Tsien problem.
Note that, in the Tsien problem selected as tests, the governing equations of the Cowell’s formulation take the form,
in non-dimensional variables:


ξ 
d2 ξ
= − 3 1 − ρ2 , ρ = ξ 2 + η 2
(25)
2
dτ
ρ
8

d2 η
η 
(26)
= − 3 1 − ρ2
2
dτ
ρ
8
and they must be integrated from the initial conditions:
τ =0:

ξ = 1,

η = 0,

ξ˙ = 0,

η̇ = 1

(27)

In the case of DROMO, it is not necessary to calculate the perturbations in the inertial reference frame but they can
directly be expressed in the components of the orbital frame. Hence, a purely radial thrust results in fpx = /8, fpy = 0,
fpz = 0. The orbital plane remains constant and thus the Euler parameters (ε01 , ε02 , ε03 , ε04 ) remains constant —the unit
vectors (u1 , u2 ) are fixed in the inertial space— and only the equations for the variables (τ, ζ1 , ζ2 , ζ3 ) change with time.
From the total number of eight equations of DROMO (eqs. 11 - 18), only three are necessary, namely those defining
(τ, ζ1 , ζ2 ). The initial conditions are
σ = σ0 = 0 :

τ = 0,

ζ1 = 0,

ζ2 = 0,

ζ3 = 1,

(28)

but ζ3 does not have to be integrated since it remains constant. The translation from the DROMO-elements to coordinates
are given by:
1
cos σ,
ζ32 ŝ
1
η = 2 sin σ,
ζ3 ŝ
ξ=

ξ˙ = −ζ3 (ζ2 + sin σ)
η̇ = +ζ3 (ζ1 + cos σ),

where ξ and η define cartesian coordinates.

Comparison

T

HE asymptotic orbit, which should be calculated numerically, is very unstable and it can be assumed that any propagator will only be able to obtain a stable solution for a few orbits. It is clear that a more accurate integration scheme
permits to describe the asymptotic orbit during a longer time. In this chapter the stability of the presented methods and
the computational cost will be analyzed and compared.
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Figure 10: Comparison of method stability versus relative tolerance

Stability
A suitable measure to evaluate performance of the presented propagators is to calculate the number of orbits until the
numerical solution starts to deviate from the asymptotic orbit. A deviation is considered, when the relative error of the
numerically computed position is larger than a threshold. Here R is the current orbital radius which must be compared
with the radius of the asymptotic orbit 2R0 .
|2R0 − R|
< 10−3
2R0
To allow for a fair comparison, integrators of same order are used for the DROMO and Störmer-Cowell formulations.
For DROMO, the integrators of the Runge-Kutta-Fehlberg family have proven to be very efficient and accurate. These
schemes [35, 36] of order 5 to 8 are compared to Störmer-Cowell implementations [30] of equal maximum order. In
addition, integrators of the multistep method of Shampine & Gordon [31] (DE 5-8) are tested and compared to StörmerCowell, too. The implementations for Störmer-Cowell and the DE integrators are modified to obtain a fixed order version
to be compared with RKF integrators.
Figure 10 shows the number of stable orbits based on the initially given relative tolerance of the integrators. It is
evident that DROMO in combination with RKF integrators has a better stability than Störmer-Cowell. However the
runtime of the DROMO method is higher than that of the Störmer-Cowell method of equal order. This drawback can in
part be accounted for by using the DE integrator, which is faster but less accurate, for DROMO.
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Method
Rel tolerance
Runtime in s
Function calls
Number of steps

DROMO
RKF7(8)
1e-11
0.21
2004
154

DROMO
RKF6(7)
1e-11
0.47
3372
338

DROMO
DE8
1e-11
1113
-

DROMO
DE7
1e-12
1623
-

SC
8th order
1e-14
0.24
439
431

SC
7th order
1e-14
0.24
536
529

Table 4: Runtime comparison for 4 complete orbits

Computational Cost
In order to evaluate the computational cost of the different methods under equal conditions, the integrators have to be
tuned to a similar performance. Therefore a common integration range and accuracy is chosen for them. According to
figure 10, all integrators can be stable for up to 4 orbital revolutions. For fair comparison, the relative errors are chosen in
such a way, that the integrators are stable only within that specified range. DROMO RKF7(8) and RKF6(7) can achieve
this with rel = 10−11 while the equal order Störmer-Cowell propagators need a tighter tolerance of rel = 10−14 . The
results show comparison only of integrators of order 7 and 8 because, for both methods, they perform significantly better
in terms of runtime. The evaluation is performed 100 times and table 4 shows the mean runtime, the number of steps
and the function calls. It indicates similar processing time for DROMO RKF and Störmer-Cowell of the same order even
though the number of function calls of DROMO is higher. This is due to the specific characteristics of the Tsien problem.
The higher number of function calls in DROMO does not influence the runtime significantly, because the calculation of the
perturbations is not very costly. In the Störmer-Cowell method the runtime is influenced by the fact, that coefficients have
to be recalculated for each integration step. Using DROMO formulation in combination with the multistep DE integrator
requires less function calls. For these integrators the runtime are not shown because they are implemented in a different
programming environment.

Conclusions

F

ROM

the analysis carried out in this paper some conclusions can be drawn.

• In terms of accuracy DROMO with the Runge-Kutta-Fehlberg routine RKF7(8) turn out to be the best combination
since they provide a longer and more stable description of the asymptotic orbit (in the Tsien problem) and a much
more accurate answer (in the example 2b of [6]).
• In terms of function calls the Störmer-Cowell formulation —in some cases, but not always— turns out to be the
best formulation since it provides the lower number of call to the derivative functions.

Notice in upper picture of figure 10 that DROMO + RKF7(8) is able to describe almost 6 times the asymptotic orbit and
SC9 only 4 with a very tight tolerance. That is, DROMO + RKF7(8) reaches levels of accuracy unachievable for other
propagators. Due to the plus of accuracy provided by the DROMO formulation, this scheme is the most appropriated for
the propagation of orbits when a high-fidelity description of the trajectory is mandatory. This plus of accuracy, however,
has a cost: the higher number of function calls due to the Runge-Kutta-Fehlberg routine used to perform the integration.
However, and from a global point of view, the combination of DROMO with the multistep method of Shampine &
Gordon [31] (DE) shows excellent characteristics because: 1) the accuracy worsens in a small amount, relative to the
accuracy provided by the combination DROMO + RKF7(8), and 2) the number of function calls reduce in a significant
way (see figures 7 and 10). Regarding this last point, it should be noticed that the Störmer-Cowell formulas requires one
function call per step, and the multistep method of Shampine & Gordon [31] (DE) requires two function call per step due
to the second evaluation that takes place in the correction part of the algorithm.
The runtime is not a reliable parameter because: 1) is influenced by the MATLAB environment in which most of the
calculations have been made, and 2) the simplicity of the derivatives in the problems used to test the different schemes
leads to an almost zero computational cost which cannot be extrapolated to the propagation of real orbits.
In any case, this paper is an approximation that would be duly qualified in the future.
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